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ABSTRACT
One of the major concern in the design of power transmission gear is the reduction of gear
dynamic load. Research on gear noise and vibration has revealed that the basic mechanics of noise
generated from gearing is gear box vibration excited by the dynamic load.
This thesis studies the effect of tooth spacing errors on the dynamic load of high contact
ratio spur gear subjected to unideal loading conditions. Spur gear is the simplest kind gear
available. Spur gears have their teeth parallel to the axis of rotation and are used for transmitting
power between two parallel shafts. Three types of spacing error distribution are defined and
studied: type I (short span), type II (medium span), and type III (long span). Three different kinds
of modification have been considered: linear, parabolic 1, parabolic II. The range of loading is
changed from 0.75 times to 1.25 times of design load which is 2200 lb.-inch.
A computer simulation has been conducted to investigate the effectiveness of profile
modification for reducing dynamic loads in high-contact-ratio gears with different tooth spacing
errors. The simulation examined varying amplitudes of spacing errors and differences in the span
of teeth over which the errors occur. The dynamic analysis was performed using a revised version
of a NASA gear dynamics code, modified to take into consideration the tooth spacing errors in the
dynamic analysis. The findings of this study can be used to design robust tooth profile modification
for improving the dynamic performance of high-contact-ratio gear sets with different tooth spacing
errors when subjected to unideal loading condition.

iii

TABLE OF CONTENTS
ABSTRACT .................................................................................................................................. III
INTRODUCTION .......................................................................................................................... 1
1.1 HISTORY OF GEAR...................................................................................................................... 1
1.2 CLASSIFICATION OF GEAR .......................................................................................................... 2
1.3 CONTACT RATIO ........................................................................................................................ 3
1.4 HIGH CONTACT RATIO GEAR ..................................................................................................... 5
LITERATURE REVIEW ............................................................................................................... 7
2.1 PROFILE MODIFICATION ............................................................................................................. 7
2.2 TRANSMISSION ERRORS ........................................................................................................... 10
2.3 STATIC TRANSMISSION ERRORS ............................................................................................... 11
2.4 DYNAMIC TRANSMISSION ERRORS ........................................................................................... 11
2.5 DYNAMIC LOAD ....................................................................................................................... 12
2.6 TOOTH SPACING ERRORS ......................................................................................................... 13
2.7 SCOPE AND OBJECTIVE ............................................................................................................ 15
RESEARCH METHOD................................................................................................................ 17
3.1 MATHEMATICAL MODEL AND EQUATIONS .............................................................................. 17
3.2 STATIC TRANSMISSION ERRORS AND LOAD SHARING .............................................................. 19
3.3 GEAR MESHING STIFFNESS ...................................................................................................... 21
3.4 TOOTH SPACING ERRORS ......................................................................................................... 25
3.5 DYNAMIC TOOTH LOAD, LOAD FACTOR, AND STRESS ............................................................. 26
3.6 COMPUTATIONAL PROCEDURE ................................................................................................. 28
RESULTS AND DISCUSSION ................................................................................................... 30
4.1 EFFECT OF TOOTH SPACING ERRORS ON HCRG WHEN LOADING CONDITION IS IDEAL. ......... 31
4.2 DYNAMIC RESPONSE OF GEAR WHEN SUBJECTED TO BELOW IDEAL LOADING CONDITION. ... 32
4.3 DYNAMIC RESPONSE OF GEAR WHEN SUBJECTED TO LOAD GREATER THAN DESIGN LOAD ... 34
4.4 COMPARISON OF EFFECT OF TOOTH SPACING ERRORS BETWEEN UNDER AND OVER LOADING 37
4.5 TOOTH SPACING ERRORS AND SPEED SURVEY OF DYNAMIC FACTOR ..................................... 38
4.5.1 LINEAR MODIFICATION WITH TYPE I SPACING ERRORS ........................................................ 39
4.5.2 LINEAR MODIFICATION WITH TYPE II SPACING ERRORS ....................................................... 40
4.5.3 LINEAR MODIFICATION WITH TYPE III SPACING ERROR ....................................................... 42
4.5.4 PARABOLIC I MODIFICATION WITH TYPE I SPACING ERROR ................................................. 43
iv

4.5.5 PARABOLIC I MODIFICATION WITH TYPE II SPACING ERROR ................................................ 45
4.5.6 PARABOLIC I MODIFICATION WITH TYPE III SPACING ERRORS ............................................. 46
4.5.7 PARABOLIC II MODIFICATION TYPE I SPACING ERRORS ....................................................... 48
4.5.8 PARABOLIC II MODIFICATION TYPE II SPACING ERRORS ...................................................... 49
4.5.9 PARABOLIC II MODIFICATION TYPE III SPACING ERRORS ..................................................... 51
4.6 SUMMARY OF S PEED S URVEY T EST FOR A LL T HREE K INDS OF L OADING C ONDITION 52
CONCLUSION AND RECOMMENDATIONS ......................................................................... 54
REFERENCES ............................................................................................................................. 56
List of Figures
Figure 1-1: 18th Century Application of Gears for Powering Textile Machinery ……………….1
Figure 1-2: The Determination of Contact Ratio Using Arc of approach and Recess…………...3
Figure 2-1: HCRG Tooth Form with Profile Modification…………………………………........8
Figure 2-2: Example of Modified HCRG Tooth ……………………………………………….10
Figure 3-1: Mathematical Model of a Spur Gear System……………………………………….18
Figure 3-2: Simple HCRG Transmission System……………………………………………….19
Figure 3-3: Illustration of HCRG Meshing Action…………………………………………….. 22
Figure 3-4: Cumulative Tooth Spacing Errors Distribution on the Drive of 25/31 Gear Set With
Maximum Value of 0.00005 Inch…………………………………………………..25
Figure 3-5: Gear Tooth Geometry for Root Stress Calculation…………………………………28
Figure 3-6: Flow Chart of Computational Procedure………………………………………….. 29
Figure 4-1: Dynamic factor of HCRG at design load, subjected to linear profile modification
with three different types of Tooth Spacing errors distribution, ∆=0.75, Ln =1.00...31
Figure 4-2: Dynamic factor of HCRG at design load, subjected to Parabolic I profile
modification with three different types of Tooth Spacing errors distribution, ∆=1.25,

Ln =1.00…………………………………………………………………………….31
Figure 4-3: Dynamic factor of HCRG at design load, subjected to Parabolic II profile
modification with three different types of Tooth Spacing errors distribution,
∆=1.25, Ln =1.00…………………………………………………………………...32
Figure 4-4: Dynamic factor of HCRG at load=1540 lb.-inch, subjected to linear profile
modification with three different types of Tooth Spacing errors distribution,
v

∆=0.75, Ln =1.00 ……………………………………………………………………33
Figure 4-5: Dynamic factor of HCRG at load=1540 lb.-inch, subjected to Parabolic I profile
modification with three different types of Tooth Spacing errors distribution, ∆=1.25,

Ln =1.00…………………………………………………………………………….33
Figure 4-6: Dynamic factor of HCRG at load=1540 lb.-inch, subjected to Parabolic II profile
modification with three different types of Tooth Spacing errors distribution, ∆=1.25,

Ln =1.00…………………………………………………………………………….34
Figure 4-7: Dynamic factor of HCRG at load=2750 lb.-inch, subjected to linear profile
modification with three different types of Tooth Spacing errors distribution,
∆=0.75, Ln =1.00…………………………………………………………………..35
Figure 4-8: Dynamic factor of HCRG at load=2750 lb.-inch, subjected to Parabolic I profile
modification with three different types of Tooth Spacing errors distribution,
∆=1.25, Ln =1.00 …………………………………………………………………..35
Figure 4-9: Dynamic factor of HCRG at load=2750 lb.-inch, subjected to Parabolic II profile
Modification with three different types of Tooth Spacing errors distribution, ∆=1.25,

Ln =1.00……………………………………………………………………………..36
Figure 4-10-A: Linear Modification subjected to design Load with Type I Spacing Errors……39
Figure 4-10-B: Linear Modification subjected to below design Load with Type I Spacing
Errors……………………………………………………………………………39
Figure 4-10-C: Linear Modification subjected to above design Load with Type I Spacing
Errors…………………………………………………………………………...40
Figure 4-11-A: Linear Modification subjected to design Load with type II Spacing Errors……40
Figure 4-11-B: Linear Modification subjected to under design Load with type II Spacing
Errors …………………………………………………………………………...41
Figure 4-11-C: Linear Modification subjected to above design Load with type II Spacing
Errors……………………………………………………………………………41
Figure 4-12-A: Linear Modification subjected to design Load with type III Spacing Errors…..42
Figure 4-12-B: Linear Modification subjected to below design Load with type III Spacing
Errors……………………………………………………………………………42

vi

Figure 4-12-C: Linear Modification subjected to above design Load with type III Spacing
Errors……………………………………………………………………………43
Figure 4-13-A: Parabolic I Modification subjected to design Load with type I Spacing Errors..43
Figure 4-13-B: Parabolic I Modification subjected to below design Load with type I Spacing
Errors…………………………………………………………………………... 44
Figure 4-13-C: Parabolic I Modification subjected to above design Load with type I Spacing
Errors…………………………………………………………………………...44
Figure 4-14-A: Parabolic I Modification subjected to design Load with type II Spacing Errors.45
Figure 4-14-B: Parabolic I Modification subjected to below design Load with type II Spacing
Errors……………………………………………………………………………45
Figure 4-14-C: Parabolic I Modification subjected to above design Load with type II Spacing
Errors…………………………………………………………………………... 46
Figure 4-15-A: Parabolic I Modification subjected to design Load with type III Spacing
Errors.....………………………………………………………………………..46
Figure 4-15-B: Parabolic I Modification subjected to below design Load with type III Spacing
Errors……………………………………………………………………………47
Figure 4-15-C: Parabolic I Modification subjected to above design Load with type III Spacing
Errors……………………………………………………………………………47
Figure 4-16-A: Parabolic II Modification subjected to design Load with type I Spacing Errors 48
Figure 4-16-B: Parabolic II Modification subjected to below design Load with type I Spacing
Errors…………………………………………………………………………....48
Figure 4-16-C: Parabolic II Modification subjected to above design Load with type I Spacing
Errors……………………………………………………………………………49
Figure 4-17-A: Parabolic II Modification subjected to design Load with type II Spacing
Errors……………………………………………………………………………49
Figure 4-17-B: Parabolic II Modification subjected to below design Load with type II Spacing
Errors…………………………………………………………………………….50
Figure 4-17-C: Parabolic II Modification subjected to above design Load with type II Spacing
Errors…………………………………………………………………………....50
Figure 4-18-A: Parabolic II Modification subjected to design Load with type III Spacing
Errors…………………………………………………………………………....51
vii

Figure 4-18-B: Parabolic II Modification subjected to below design Load with type III Spacing
Errors……………………………………………………………………………51
Figure 4-18-C: Parabolic II Modification subjected to above design Load with type III Spacing
Errors……………………………………………………………………………52

viii

INTRODUCTION
1.1 History of Gear
Gears have existed since the invention of rotating machinery. Because of their forcemultiplying properties, early engineers used them for hoisting heavy loads such as building
materials. The mechanical advantage of gears was also used for ship anchor hoists and catapult
pre-tensioning. Early gears were made from wood with cylindrical pegs for cog and were often
lubricated with animal fat grease. Gears were also used in wind and water wheel machinery for
decreasing or increasing the provided rotational speed for application to pumps and other powered
machines. An early gear arrangement used to power textile machinery is illustrated in the following
Figure 1-1.

Figure 1-1: 18th Century Application of Gears for Powering Textile Machinery[1]
The rotational speed of a water or horse drawn wheel was typically too slow to use, so a
set of wooden gears needed to be used to increase the speed to a usable level. The industrial
revolution in Britain in the eighteenth century saw an explosion in the use of metal gear. A science
of gear design and manufacture rapidly developed through the nineteenth century.
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Today, the most significant new gear developments are in the area of materials. Modern
metallurgy has greatly increased the useful life of industrial and automotive gears, and consumer
electronics has driven plastic gearing to new levels of lubricant-free reliability and quiet operation.

1.2 Classification of Gear
Gear can be classified according to the shape of tooth pair and disposition into four principal
types.


Spur Gears: Spur gears have their teeth parallel to the axis of rotation and are used for
transmitting power between two parallel shafts. They are simple in construction, easy to
manufacture and cost less. They have the highest efficiency and excellent precision rating.
They are used in high speed and high load application and in a wide range of velocity ratios.
Hence, they find wide applications right from clocks, household gadgets, motorcycles,
automobiles, railways to aircraft.



Helical Gears: They have teeth inclined to the axis of rotation and hence for the same width,
their teeth are longer than spur gear and have higher load carrying capacity. They operate
smoother and quieter than spur gears because of gradual engagement of teeth during the
meshing. Helical gears are used for parallel shaft drives. They are recommended for very high
speeds and loads. Thus, these gears find wide applications in automotive gearboxes. Their
efficiency is slightly lower than spur gears.



Bevel Gears: They have teeth formed in the conical surface and are used mostly for
transmitting motion between intersecting shaft. There are three types of bevel gear as straight,
spiral and hypoid.



Worm Gears: Worm and Worm gear pair is very similar to a screw. The direction of rotation
of the worm gear, also called the worm wheel, depends on upon the direction of rotation of
2

worm and upon whether the worm teeth are cut right hand or left hand .Worm gear sets are
also made so that teeth of one or both wrap partly around the other.
1.3 Contact Ratio
Contact ratio is defined as the ratio of the length of the arc of contact to circular pitch.
When two gear teeth mesh, the meshing zone is usually limited between the intersecting radii of
the addendum of the respective gears as shown in Figure 1-2. From the figure, it can be seen that
the initial tooth contact occurs at point a and final tooth contact occurs at b. If the tooth profiles
are drawn through points a and b, they will intersect the pitch circle at points A and B respectively.
The arc length AP is called the arc of approach qa, and the arc length PB is called the arc of the
recess qr and the sum of these being the arc of action qt.

qt  q a  q r

.......... (1-1)

Figure 1-2: The Determination of Contact Ratio Using Arc of Approach and Recess [2]
When the circular pitch p of a mating gear pair is equal to the arc of action qt , there is
always only one pair of teeth in contact, one gear tooth and one pinion tooth in contact and their
clearance occupies the space between the arc AB.

qt  p
3

………. (1-2)

In this case, as the contact is ending at b another tooth simultaneously starts contact at a.
In other situations, when the arc of action is greater than the circular pitch, more than one tooth of
the gear is always in contact with more than one tooth in the pinion, meaning that as one tooth is
ending contact at b, another tooth is already been in contact for a small period of time starting at
a. For a short span of time there will be two pairs of teeth in contact, one near A and the other near
B. As the gear pair rotates through their meshing cycle, the tooth near B will cease to be in contact
and only a single pair of contacting teeth will remain, and this process repeats itself over the period
of operation. The contact ratio provides the average number of teeth pairs in contact.
Most gears are generally designed with a contact ratio of more than 1.2, as the contact ratio
is generally reduced due to errors in mounting and assembly of the gear pairs. Gear pairs operating
with low contact ratio are susceptible to interference and damage as a result of impacts between
teeth and thereby leading to an increased level of noise and vibration.
Gears are generally designed with contact ratios of 1.2 to 1.6. A contact ratio of 1.6, for
example, means that 40 percent of the time one pair of teeth will be in contact and 60 percent of
the time two pairs of teeth will be in contact [3]. A contact ratio of 1.2 means that 80 percent of
the time one pair of teeth will be in contact and 20 percent of the time two pairs of teeth will be in
contact. Gears with contact ratio greater than 2 are referred to as “high contact ratio gears”. For
these gears, there are never less than two pairs of teeth in contact. A contact ratio of 2.2 means that
80 percent of the time two pairs of teeth will be in contact and 20 percent of the time three pairs
of teeth will be in contact. High contact ratio gears are generally used in selected applications
where long life is required. The analysis should be performed when using high contact ratio gearing
because higher bending stresses may occur in the tooth addendum region. Also higher sliding in
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the tooth contact can contribute to the distress of the tooth surfaces. In addition, higher dynamic
loading may occur with high contact ratio gear.
1.4 High Contact Ratio Gear
High contact ratio gear (HCRG) can be defined as a gear tooth mesh in which the number
of teeth in contact alternates between three and two as tooth passes through the contact zone.
Therefore, by distributing the load among more teeth, it is possible, under certain circumstance, to
increase the load capacity of a gear set without substantially increasing the weight. However,
HCRG requires gear teeth with lower pressure angles, finer pitch, and increased addendums, all of
which increase the tooth stressing per applied load. The percentage change in mesh stiffness for
HCR meshes is lower than low contact ratio (LCR) meshes, so high-quality HCR gear meshes
have lower mesh induced vibration and noise than LCR gear meshes.
HCRG are expected to be dynamically more sensitive to tooth errors and profile
modification. A major concern in gearing is the dynamic load and stress that the gear teeth
experience in actual operation. High dynamic load and stress can lead to detrimental effect such
as gear noise, tooth fatigue, surface failure.
A lot of efforts have been conducted on the dynamic load analysis since the
1930’s.Currently, it is widely accepted that the dynamic load is strongly related to the transmission
error of meshing gear pair. The total transmission error is defined as the difference between the
actual position of the driven gear and the position it would assume if the gear drive were perfectly
rigid. The transmission error is mainly caused by the deflections of the teeth due to the transmitted
load and profile, spacing, and runout errors resulting from the manufacturing process. Tooth
spacing error, have a very significant influence on the transmission dynamics and can cause
excessive vibration and noise. The effect of tooth spacing errors on the dynamic loads of LCRG
5

has already been investigated. The objective of the current study is to investigate the effect of tooth
spacing errors on HCRG‘s dynamic load when subjected to unideal loading. More in-depth
understanding of this subject can help design a significantly improved gear transmission system
when subjected to unideal loading.
This dynamic load can be reduced by applying proper tooth profile modification to the
gear set. The amount and length of profile modifications are determined according to the given
design torque, usually maximum applied torque. Tooth profile modification is regarded as one of
the most effective ways to reduce dynamic load and vibration of the gear system, however, when
a modified gear system operates at other than the design torque, dynamic effects may become
significant [4].

6

LITERATURE REVIEW
2.1 Profile Modification
Modifying gear tooth profile is widely used practice to reduce the dynamic load for
improved performance of spur gear transmission. Current practice in gear design is to modify the
tooth profile based on the maximum applied torque, also called design torque. The requirement of
modification is mainly due to tooth flexibility and manufacturing errors. When modified gear
system operates at off-design load, its dynamic load may be significant. Varying the tooth profile
will change gear transmission errors and affect the shared tooth load and gear meshing stiffness.
The variation of gear mesh stiffness for HCRG is less than LCRG; the transmission errors
for HCRG gears is minimum compared to LCRG. Also, the maximum percentage of load sharing
occur at the HPSTC (highest point of single tooth contact) point in the LCRG and the LPFDTC
(Lowest point of first double tooth contact) in the case of HCRG. At any point of time, HCRG
tooth experiences a maximum of 57% of the total load against 100% in LCR gear pair. At the tip
of the tooth, HCRG shares 20% of the total load against 40% LCRG. The maximum bending stress
for HCRG is 18% and contact stress is 19% less as compared to LCRG for the specific case of
same module and fixed center. Hence, the load carrying capacity of HCRG is 18% more than
LCRG designed for same weight and volume for fixed module and same center distance gear pair
[5]. The amount and type of tooth profile modification have a significant effect on the dynamics
performance of spur gear system [6].
The profile modification can be expressed by a normalized amount of tip relief and
normalized length of modification as shown in the figure below.
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Figure 2-1: HCRG Tooth Form with Profile Modification
Normalized amount of tip relief is defined as the ratio of the actual amount of tip
modification to the amount of conventional tip relief. According to Wellborn, the amount of
conventional relief, in the case of HCRG with a contact ratio between 2 and 3, should be equal to
twice the maximum spacing errors plus the combined tooth deflection evaluated at the highest
point of second double tooth contact (HPSDTC), which is the point when the number of meshing
tooth pair changes from triple to double [7].
Since modifying the root of one member has the same effect as modifying the tips of the
mating member, all modification were assumed to be applied to the tooth tips [8]. For further
convenience, the same amount and the same length are assumed for the tooth tips profile
modification of both pinion and gear in this paper. The microscale tooth profile modification has
the same order (μm) as the transmission errors, so it has a negligible effect on the curvature of the
tooth profile and the mesh stiffness of the single tooth pair [9].
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There are three different types of profile modification that can be applied to gear profile
for minimizing dynamic load i.e. linear, parabolic I and parabolic II [10]. In a linear modification,
the modification amount decreases linearly starting from the tip along the length of modification.
For parabolic profile modification, the modification amount decreases parabolically starting from
the tip along the length of modification. The modification amount j at any point j along the length
of modification is given by:
For linear profile modification

 Ln  L j 
 j  

 Ln 

………. (2-1)

For parabolic, I profile modification

 Ln  L j 
 j  

 Ln 

2

………. (2-2)

For parabolic II profile modification


 j   1 


Lj 

Ln 

………. (2-3)

where:
j: modification amount at point j
: Modification amount at tip
Ln: normalized length of modification
Lj: normalized distance between point j and the tip
Parabolic tooth profile modification is generally preferred for low dynamic response in gears
which operate over a range of loading conditions.
9

Figure 2-2: Example of Modification Chart of HCRG Tooth
2.2 Transmission Errors
It is well known that noise in gear pairs is related to the transmission errors (TE). According
to Smith, the total transmission errors is the difference between the positions that the output shaft
of a gear drive would have if the gearbox were perfect, without errors or deflection, and the actual
position of the output shaft [11]. During the actual service condition, TE is mainly caused by:


Tooth geometry errors: including profile, spacing and runout errors from manufacturing
process.



Elastic deformation: local contact deformation from each meshing tooth pair and the deflection
of teeth and gear bodies due to the transmitted load through and transverse to gear rotational
axis.



Imperfect mounting: geometric errors in alignment, which may be introduced by static and
dynamic elastic deflection in the supporting bearing and shaft.
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TE can be expressed either by an angular displacement or as a linear displacement measures along
the line of action at the base circle. It can be measured statically or dynamically, unloaded or
loaded.
2.3 Static Transmission Errors
When two gears mesh under the presence of low load conditions, the gear teeth deform
elastically along with the gearbox casing, bearing, and shafts. Hence, it can be assumed that the
transmission errors under the influence of low load are the static transmission errors (STE), and
also takes into consideration stiffness of all the components in the system. The static transmission
errors are measured at low speeds to avoid the dynamic effects of the system. The teeth of the gear
pair experience deformation due to loading in the form of bending and contact between them,
making up the mesh stiffness. As the gears rotate through the mesh, the numbers of teeth in mesh
changes depending on the contact ratio of the gears and therefore also influencing the mesh
stiffness between the gear teeth.
2.4 Dynamic Transmission Errors
The concept of dynamic transmission errors recognizes that the gear system has
components with masses and variable stiffness. By taking into consideration the masses of the
gears, and their rotations, the inertial forces of the system causes dynamic mesh forces. Gear life
is calculated using the dynamic factor. The dynamic factor is a ratio of the dynamic load to the
static load as a result of tooth geometry errors. Houser and Seireg provided a history of dynamic
factor work as an introduction to a historical review of mathematical models used in gear dynamics
[12]. While the dynamic factor does not accurately represent the dynamics of the tooth mesh, it
shows that the dynamic loading in the mesh is a result of the static transmission errors. These static
transmission errors are the source of excitation for the dynamic transmission errors. Dynamic
11

transmission errors are speed dependent and can be mathematically represented by multiplying
static transmission errors by a transfer function [13].
2.5 Dynamic Load
Dynamic load carrying behavior is strongly influenced by geometric deviation associated
with manufacturing, assembly and deformation process. The high dynamic load can lead to fatigue
failure and affect the life and reliability of gear transmission. Minimizing gear load will decrease
the gear noise, increase efficiency, improve pitting fatigue life, and help prevent gear tooth
fracture. The problem of dynamic loading acting on the gear teeth was first studied in early 1930’s
by the ASME (American Society of Mechanical Engineers) research committee and test were
conducted by Lewis and Buckingham [14]. The report indicated a procedure to determine the
dynamic load increment due to dynamics of gear in mesh and errors of the gear teeth. Tuplin was
one of the first to publish a more refined method of determining the dynamic load in gear teeth.
He considered gear meshing as an equivalent spring- mass model with constant stiffness subjected
to wedge or sinusoidal excitation. Cloutier and Gregory et.al., later modified this model by
introducing spring as a time varying stiffness[13, 14]. Later Cornell and Westervelt developed a
closed form solution of a dynamic model of spur gear system which consisted of a cantilever beam
with cam moving along it for simulating the engagement and disengagement of the adjacent tooth
to generate the dynamic load for meshing teeth [17]. They stated that nonlinearity of tooth pair
stiffness during the mesh, the tooth errors, and the profile modification had a significant effect on
the dynamic load.
Tedious computation now can be easily done through computer modeling by writing
appropriate code. Finite element methods are widely used in engineering analysis. Ozguren and
Houser used a spatial finite line element technique to perform mode shape and frequency analysis
12

in geared rotor systems [18]. Also, their study included the effect of bearing flexibility which is
usually neglected in simple gear dynamics models. All of the above literature analyzed the
dynamics of a gear transmission system in different aspects. Their models treated either the shaft
and bearing of gear system or the gear teeth as rigid bodies depending on the purpose of analysis.
In reality, none of the above components are rigid when subjected to a force. To evaluate the gear
dynamic behavior more accurately the deformations of gears due to transmitted load should be
taken into account in modeling the gear transmission system. The computer code DANST which
was developed for the dynamic analysis of low-contact-ratio gears and high-contact ratio gears
was modified to conduct this study [17, 2]. The dynamic response of a spur gear pair is depicted
by the dynamic load and stress factors. The computer simulation results revealed the effect of each
individual parameter and can help the gear designer choose the optimum value of gear parameters
when designing a gear train system for minimum dynamic load and stress.
2.6 Tooth Spacing Errors
Errors are inherent in gears. Tooth spacing errors (pitch errors) are vital because they affect
the transmission velocity, and introduce vibration and noise. For higher speed gears minimizing
the pitch errors are important in order to keep the noise and dynamic loading effect within
acceptable limits.
Profile modification has been recognized as an effective way to reduce gear dynamic load.
However, the influence of profile modification on gears with different spacing errors has not been
thoroughly investigated. The distribution and cumulative amount of tooth spacing errors vary from
gear to gear. Their effects on the dynamics of gears with different types of profile modifications
(linear and parabolic) are examined in this work.
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Many researchers have studied the effect of pitch errors on gear dynamic behavior. Houser
and Seireg conducted experimental and analytical investigations to determine dynamic factors in
spur and helical gears with the combined influence of profile modification and pitch errors of
different magnitudes and developed a semi-empirical formula for determining the dynamic factor
[12]. Umezawa et al. examined rotational vibration of gears with pitch errors on every other tooth
and also on every third tooth [20]. Their results showed that gears with an integer contact ratio
were minimally affected by pitch errors. They also found that low-contact-ratio gears are more
sensitive to pitch errors than high-contact-ratio gears. Rakhit reported the significance of the form
of the pitch errors variation on the vibrations of an epicyclic gear reducer of a turbo-generator [21].
Pitch errors curves showing more peaks and valleys created higher vibration than did smoother
pitch errors curves. Velex et al. performed dynamic analysis of gears with conventional (linear)
profile modification for a specific amount of pitch errors [22]. They showed that low contact ratio
gears are much more sensitive to pitch errors than high contact ratio gears.
A geometrically ideal gear has identical involute profile teeth that are equally spaced
around the circumference. For a gear with N teeth, any reference circle of the gear is intersected
by right-hand and left-hand sets of N tooth profiles at exactly equal angular increments. If
particular elemental errors, the pitch errors, is now introduced, then with respect to one selected
(reference) profile, any other tooth profile may be displaced from its theoretical position. The
angular displacement of a profile on the reference circle is converted to the arc distance around
that circle, and this distance is the pitch errors of that profile. The gear pitch errors are the sequence
of N values of these displacements. There are two sets of pitch errors, one each for the left and
right-hand tooth profiles. Conventional pitch errors testers actually determine the tooth-to-tooth
adjacent pitch errors. This is measured as the deviation of the actual chordal distance existing
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between reference points at the reference radius on successive tooth profiles from the theoretical
value. The cumulative pitch errors are obtained as the sequence formed by algebraically summing
the individual adjacent pitch errors values, starting at one arbitrary tooth. The resulting sequence
of N values starts at and should return to zero; though measurement difficulties sometimes result
in a non-zero residual. The cumulative pitch errors sequence is often adjusted to eliminate this
residual.
The cumulative tooth spacing errors typically has a sine wave distribution, spread over a
certain span of gear teeth [23]. The magnitude of cumulative tooth spacing errors for precision
cut gears lies in the range of 0.00005 in. (constrained by the least count of the measuring
instrument) to 0.0004 in. According to Padmasolala et al. for minimum dynamic load linear profile
modification is effective with small tooth spacing errors but parabolic profile modification is best
where tooth spacing errors are larger or where the errors are spread over a longer span of teeth
[24]. The dynamic load factor of spur gears with linear profile modification increases
exponentially with an increase in the cumulative tooth spacing errors while the dynamic load factor
of similar spur gears with parabolic profile modification increases linearly. The peak value of
dynamic load factor occurs either on the tooth having a maximum cumulative tooth spacing errors
(either positive or negative errors) or the adjacent tooth, depending on the type of profile
modification.
2.7 Scope and Objective
In order to fulfill some of the gaps identified above on current literature, the overall aim of this
study is to minimize the dynamic loading of HCRG using profile modification. Specific technical
objective is as follows:


Using DANST program to conduct a computational dynamic analysis of HCRG.
15



Find the dynamic behavior of gear system under different types of profile modification.



Compare the result with each other under different loading condition for given profile
modification.



Evaluate the effect of the three types of tooth spacing errors i.e. Type I (short span), Type II
(medium span) and Type III (long span) on a dynamic load of the gear system.



Compare the result of gears subjected to unideal loading condition i.e. below design load and
above design load.
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RESEARCH METHOD
3.1 Mathematical Model and Equations
The static properties of the HCRG system such as stiffness, damping, lubrication,
transmission errors, frictional torque and mass moment inertia can be applied to the system of
dynamics analysis. A simple parallel shaft HCRG transmission is depicted in Figure 3-1. The
system consists of a pair of high contact ratio gear connected to 1 motor and a load by flexible
shafts. The theoretical model assumes that motor, the load, and the two gear acts as the mass of
inertia and the shaft and gear teeth act as spring of a rotational system. The motion of the system
is expressed by the following set of differential equation:

J MM  CS1 (M  1 )  KS1 ( M  1 )  TM



………. (3-1)



J 11  C s1 (1  M )  K s1 (1   M )  C g (t ) Rb1 ( Rb11  Rb 22 )  K g (t )Rb1 ( Rb11  Rb 2 2 )  T f 1 (t )
………. (3-2)









J 22  C s 2 (2  1 )  K g (t )( 2  1 )  C g (t ) R b2 (R b22  R b11 )  K g (t ) R b2 (R b2 2  R b11 )  Tf2 (t)
………. (3-3)

J LL  C c 2 (L  2 )  K s 2 ( L   2 )  TL

………. (3-4)

where:
M, 1, 2, L: angular rotation of motor, gear 1, gear 2, and load (Over dots indicate time
differentiation)
JM, J1, J2, JL : mass moments of inertia for motor, gear 1, gear 2, and load
KS1, KS2, Kg(t) : stiffness of shaft 1, shaft 2, and meshing gear teeth
CS1, CS2, Cg(t) : damping factor of shaft 1, shaft 2, and gear mesh
17

Tf1(t), Tf2(t) : friction torque of driving gear and driven gear
TM, TL : input and output torque
Rb1, Rb2 : base radii of gear 1 and gear 2

Figure 3-1: Mathematical Model of a Spur Gear System
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Figure 3-2: Simple HCRG Transmission System
During development of above equation 3-1 to 3-4 several simplifying assumptions were
used: the dynamic process is defined in the rotating plane of the gear pair; the contact between the
gear pair is assumed to be along the theoretical line of action; damping due to lubrication is
expressed as a constant damping factor (ratio of damping coefficient to the critical damping
coefficient).
The stiffness, damping and friction, and mass moment of inertia of the system component
can be found from fundamental mechanics principles. The equation containing the excitation term
due to the variation of gear meshing stiffness and damping. The meshing stiffness and damping
are a function of the mesh point along the line of action.
3.2 Static Transmission Errors and Load Sharing
The transmission errors are defined as the departure of a meshed gear pair from a constant
angular motion and are the measurement of the instant deviation of the following gear from an
ideal nominal value. It is a result of many contributions, the main one being:


Combined deflection of meshing teeth



Tooth spacing errors



Tooth profile errors



Runout errors
19

The total transmission errors for a gear pair is the summation of the errors caused by each of
above-mentioned sources, and is written as:
For a gear pair with a contact ratio of any value:
2

2

2

G 1

G 1

G 1

K
K
(E tK )  ( E dG
) j  ( E KpG ) j  [P]( E sG
)j

………. (3-5)

where:
K : The mating tooth pairs in sequence.
G : Driving (1) and driven (2) gears.
P : If K=1 then P=0, otherwise P=1.
Ed : Deflection of gear teeth at the contact point.
Ep : Tooth profile errors, (Ep is positive if the material is removed from the surface of
the contact point. Ep is negative if the material is added to the surface of contact point).

E s : Tooth spacing errors, ( E s is positive if the tooth space of driven gear is less or greater than
base pitch. Otherwise, E s is negative.)

E t : The transmission errors at contact point, ( E t is positive if the driving gear leads the driven gear.
Otherwise, E t is negative.)
Since the transmission errors are the same for each tooth pair which shares the total
transmitting load (W), it can be expressed as:

(E1t ) j  (E t2 ) j
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………. (3-6)

W

( CR ) 1

W
n 1

n
j

………. (3-7)

Where (CR) is the integer part of the contact ratio.
3.3 Gear Meshing Stiffness
The individual tooth stiffness is determined by considering the tooth to be a uniform
cantilever beam supported by the flexible fillet region and foundation. Tooth stiffness at any point
along the line of contact is defined as the resistance offered by the gear tooth against deflection at
that point. The tooth meshing stiffness varies along the path of contact and is given by

Kj 

Wj

E d  j

………. (3-8)

Where:

K j = meshing tooth stiffness at the point j, lb. /in.

W j = normal load at the point j, lb.

E d  j = total tooth deflection at the point j, in.
Variation of meshing compliance with tooth meshing position determines various static
transmission properties as well as gear meshing stiffness of the HCRG system.
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.

Figure 3-3: Illustration of HCRG Meshing Action
The figure above illustrates the motion of a pair of meshing gear teeth for high contact ratio
gear. We designate four consecutive tooth pair a to d, and begin our analysis at the moment in
which a and b are in contact and third tooth pair c is just entering the contact. The initial contact
of tooth pair c occurs at point A, where the addendum circle of the driven gear intersects the line
of action. As the gears rotate the point of contact will move along the line action APF where P is
the pitch point. As tooth pair c reaches point B, the leading tooth pair a disengage at point F leaving
only pair b and c in contact. When tooth pair c reaches point C, the next tooth pair d begins an
engagement at A. Thus, the meshing action alternates between triple and double contact zones as
shown in the Figure 3-3.
If there are three tooth pair in contact, then static transmission errors E t and shares tooth
load W j for each individual tooth pair at contact point j may be expressed as:

E   E   E 
a
t

j

a
d

j
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………. (3-9)
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………. (3-10)
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W  W ja  W jb  W jc

………. (3-11)
………. (3-12)

But if there are two tooth pairs is in contact, then E t and W j are as follows:

E   E   E 
b
t

j

b
d

j

b
p

………. (3-13)

j

E   E   E   E 
c
t j

c
d

j

c
p

j

c
s

j

………. (3-14)

W  W jb  W jc

……… (3-15)

Es  j  Es1  j  Es 2  j

………. (3-16)

E   E   E 

………. (3-17)

where,

p j

p1 j

p2 j

Ed  j  Ed1  j  Ed 2  j

 Q jW j

………. (3-18)

E d = Deflection of gear teeth at the contact point.

E s = Tooth spacing errors ( E s Is positive if the tooth spacing of driven gear is less than the base
pitch Pb or if the tooth spacing of driving gear is greater than the base pitch Pb Otherwise, E s is
negative).

E p = The tooth profile errors ( E p Is positive if the material is removed from the surface of the
contact point. E p is negative if the material is added to the surface of the contact point.).

E t Is positive if the driving gear leads the driven gear else it is negative.
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Q j Is the compliance at contact point j.
All the errors terms above can be converted to the linear displacement between mating gear
along the line of action. The transmission errors are the same for tooth pairs which share the total
transmitting load so,

 

Q ajW ja  E pa

j

   E 

 Q bjW jb  E bp

b
s j

j

   E 

 Q cjW jc  E pc

c
s j

j

………. (3-19)

Solving equations 3-15 and 3-19 simultaneously gives
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c
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………. (3-20)

………. (3-21)

……… (3-22)

Similarly for double contact area, the load sharing for tooth pair in contact is as follows:

W

b
j

W

Q W  E   E   E  


………. (3-23)

Q W  E   E   E  


………. (3-24)
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The gear meshing stiffness K j is point j is then,

Kj 

W ja



W jb



W jc

E  E  E 
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t

j

b
t j

c
t


j

W
(Triple tooth contact point) ………. (3-25)
E t  j
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Kj 

W jb



W jc

(Double tooth contact) ………. (3-26)

E  E 
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t j

3.4 Tooth Spacing Errors
The magnitude of cumulative tooth spacing errors for highly precision cut gears falls in the
range from 0.00005 to 0.0002 inch[23, 24]. For the study purpose, the model of cumulative spacing
errors built by Padmosolala is adopted here. In this model, the driven gear is considered to be
perfect with no tooth spacing errors. The distribution of cumulative tooth spacing errors on the
driver has three kinds of span. They are short span (Type I), medium span (Type II), and long span
(Type III) with the maximum magnitude variation of 0.00005, 0.0001, 0.00015 and 0.0002 in., for
each span. Figure 3-4 illustrates an example of these spacing error spans on a gear set with a 25/31
teeth combination.

Typical Tooth Spacing Error of Gear (Maximum Value of
0.00005 inch)
Cumulative Tooth Spacing Error (Inch)

0.00005

0.00003

0.00001
type III
-0.00001

1

3

5

7

9

11

13

15

17

19

21

23

25

type II
type I

-0.00003

-0.00005

Tooth Number

Figure 3-4: Cumulative Tooth Spacing Errors Distribution on the Drive of 25/31
Gear Set With Maximum Value of 0.00005 Inch.
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Although the driven gear is considered to be perfect with no tooth spacing errors, the gear
pairs with tooth spacing errors on both the driver and the driven gears can be analyzed similarly.
The total tooth spacing errors Es of a gear pair is the difference between the tooth spacing errors
of the driver Es1 and the driven Es2 gears, which is given mathematically as,

Es  Es1  Es2

………. (3-27)

Hence, the effect of tooth spacing errors of the driven gear on the dynamic load factor of
the gear pair is equivalent to the effect of the same amount of tooth spacing errors with an opposite
sign, on the corresponding tooth of the driver.
3.5 Dynamic Tooth Load, Load Factor, and Stress
Backlash ( Bh ) is the amount by which the width of a tooth space exceeds the thickness of
the engaging tooth on the pitch circles. It may be determined variously in the transverse, normal,
or axial planes, and either in the direction of the pitch circles or on the line of action.
When gears are in mesh, the nonlinear terms can be described by the backlash and by a time
varying stiffness (meshing gear teeth stiffness) K j . There are three possible situations that will
produce a specific dynamic condition. Assume gear 1 is the driving gear,
Case 1:
R b1 1  R b2 2  0

………. (3-28)

This is normal operation case. The dynamic tooth load on gear 1 is then:
Wd1 = K j 1 , 2 Rb1 1  Rb 2  2 + Cg 1 , 2 Rb11 - Rb 2 2 

Which is the same as the dynamic tooth load on gear 2,
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………. (3-29)

………. (3-30)

Wd 2 = Wd 1
Case 2:

R b1 1  R b2 2  0

and

R b1 1  R b2 2  Bh

………. (3-31)

In this case, the gears will separate and lose contact, therefore,
………. (3-32)

Wd = 0

Case 3:

R b1 1  R b2 2  0

R b1 1  R b2 2  Bh

and

………. (3-33)

In this case, gear 2 will collide with gear 1 on the backside. The dynamic tooth load on gear 1 is:

Wd 1 = K j 1 , 2 R b1 1  R b1 2  Bh + Cg 1 , 2 R b11 - R b 2 2  ………. (3-34)
And
………. (3-35)

Wd 2 = Wd 1

The terms R b1 1  R b2 2 and R b11  R b22 are the relative dynamic displacement and velocity
between gear 1 and gear 2, respectively.
The modified Heywood method is used to calculate the dynamic tooth stress. According
to[27], this method is accurate for the HCRG tooth form and gives results that agree well with both
finite element analysis and test data
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………. (3-36)
27

where:

 : Approximately 1/4 according to Heywood
 j : The load angle, degree
F : Face width of gear tooth, inch
rf : Fillet radius, inch
The value of h f and l f are related to the gear tooth geometry, the load position and the
point of maximum stress in the fillet. The magnitude of r f is 20 degree for HCRG by Cornell. A
detailed analysis for finding the values of h f and l f is provided in [27].

Figure 3-5: Gear Tooth Geometry for Root Stress Calculation
3.6 Computational Procedure
Figure 3-6 represents the flowchart of the generalized computational procedure for the
solution of the governing dynamic equations. The equations discussed above in section 3.1 were
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linearized by dividing the mesh period into small intervals. Input torque is assumed to be constant
whereas output torque fluctuates as a result of time varying stiffness, friction, and damping mesh.
For iteration process, initial value angular displacement was obtained by preloading the input shaft
with the nominal torque carried by the system. Initial angular speed was taken from the nominal
system operating speed.
The calculated value of the angular displacement and speed after one mesh period were
compared with the assumed initial values. Unless the differences between them become small
then preset tolerance, the procedure is repeated using the average of the initial and calculated
values as a new initial condition. The iterative procedure is as follows.

INPUT GEOMETRY OF SYSTEM COMPONENTS
AND CONDITIONS OF SYSTEM OPERATION

CALCULATION OF TOOTH PROFILE, MESH
STIFFNESS, INERTIAS, DAMPING, AND
FRICTION

CALCULATION OF INITIAL CONDITIONS

CALCULATION OF DYNAMIC CONDITION
FOR ONE PERIOD PER MESH

CONVERGENCE OF
DYNAMIC CONDITION?

NO

ASSUMPTION OF NEW
INITIAL CONDITION

YES
CALCULATION OF DYNAMIC
LOADS AND STRESSES

OUTPUT OF RESULTS

Figure 3-6: Flow Chart of Computational Procedure
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RESULTS AND DISCUSSION
The number of tooth pairs N involved in the gear mesh cycle considered for dynamic
analyses varies for different gear pairs. For a gear pair with an equal number of teeth for both the
driving and driven gears, N is equal to the number teeth. For a gear pair with an unequal number
of teeth N1 and N2, N is equal to the least common multiple of N1 and N2. In this study, a gear set
with N1= 25 and N2=31 combination (unequal number of teeth) of the driving and driven assembly
is considered for analysis. The number of tooth pair for dynamic analysis calculation is equal to
775.The current study uses three types of profile modification (linear parabolic I and parabolic II)
to investigate which kind of profile modification is the most effective in reducing the dynamic load
factor. The normalized profile modification length Ln and normalized tip modification amount ∆
for HCRG are recommended to be 1.0 and 0.75 for linear profile modification, and 1.0 and 1.25
for parabolic modification, respectively, for minimum dynamic effect. For our analysis, the gear
set used has the following specifications.
Table 4 -1: Gear Parameters
Young’s Modulus

30000000 psi

Load(Torque)

2200 lbs.-in

Face Width

1.25in

Tooth Number(driven Gear)

31

Tooth Number(driving Gear)

25

Pressure Angle(degree)

20

Diametral Pitch(in-1)

8

Contact Ratio

2.4

Poisson Ratio

0.3

Gear mesh damping Coefficient

0.1
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4.1 Effect of Tooth Spacing Errors on HCRG When Loading Condition is Ideal.
For comparison purpose, we have also studied the effect of modification during design load.
Figures 4-1, 4-2 and 4-3 show the dynamic load factor for gear set with three different kinds of
profile modification(linear, parabolic I and parabolic II) considering three different kinds of tooth

Dynamic Factor

spacing errors distribution(short(type I),medium(type II) and long(Type III)).
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Figure 4-1: Dynamic Factor of HCRG at Load= 2200 in-lb Subjected to Linear Profile
Modification with Three Different Types of Tooth Spacing Errors
Distribution, ∆=0.75, Ln =1.00
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Figure 4-2: Dynamic Factor of HCRG at Load=22oo in-lb Subjected to Parabolic I
Profile Modification with Three Different Types of Tooth Spacing Errors
Distribution, ∆=1.25, Ln =1.00
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Figure 4-3: Dynamic Factor of HCRG at Load=2200 in-lb Subjected to Parabolic II
Profile Modification with Three Different Types of Tooth Spacing
Errors Distribution, ∆=1.25, Ln =1.00
From above three graphs we can summarize the finding as below for design load condition:


Dynamic response for type 1 spacing errors is low comparative to other kind spacing errors
during all three kinds of modification.



Type II spacing errors are very sensitive to the dynamic response.



At 0.0002 inch error, the gear set shows very high dynamic response when spacing errors
distribution is type III.



For three kind of modification and spacing errors type the gear set have a dynamic factor
less than 4 except type III (0.0002) error distribution.



Parabolic II is the least noisy than other two kinds of profile modification.

4.2 Dynamic Response of Gear When Subjected to Below Ideal Loading Condition.
As the objective of our research is to find the dynamic behavior of high contact ratio gear
under unideal loading condition we also performed the analysis of gear set which is subjected to
lower loading condition than design load. We performed analysis for each kind of profile
32

modification i.e. linear, parabolic I and parabolic II considering there different kinds of tooth
spacing errors.
Figures 4-4, 4-5 and 4-6 present the result of analysis.
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Figure 4-4: Dynamic Factor of HCRG at Load=1540 lb.-inch, Subjected to Linear
Profile Modification with Three Different Types of Tooth Spacing Errors
Distribution, ∆=0.75, Ln =1.00
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Figure 4-5: Dynamic Factor of HCRG at Load=1540 lb.-inch, Subjected to Parabolic
I Profile Modification with Three Different Types of Tooth Spacing Errors
Distribution, ∆=1.25, Ln =1.00
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Figure 4-6: Dynamic Factor of HCRG at Load=1540 lb.-inch, Subjected to
Parabolic II Profile Modification with Three Different Types of Tooth
Spacing Errors Distribution, ∆=1.25, Ln =1.00
Finding from the above three graph can be summarized as:


Dynamic factor during design load is acceptable for type 1 and type 2 errors but when tooth
spacing errors value is increased to 0.0002 inches the dynamic factor increases to a very high
value that is around 10 for type 3 spacing errors only.



We wanted to see what cause so high dynamic response so we go through the dynamic load
distribution of gear during 1 mesh cycle.



For under loading condition the dynamic factor is highly sensitive to the spacing errors. Even
for low spacing errors value it gives a very high dynamic response.



Under loading case is insensitive to the type of modification and a low spacing errors value.

4.3 Dynamic Response of Gear When Subjected to Load Greater than Design Load
Similarly, for low loading condition, we also perform the analysis for higher loading
condition than the design load. Figures 4-7, 4-8 and 4-9 are plotted to present the result of analysis.
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Figure 4-7: Dynamic Factor of HCRG at Load=2750 lb.-inch, Subjected to Linear
Profile Modification with Three Different Types of Tooth Spacing Errors
Distribution, ∆=0.75, Ln =1.00
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Figure 4-8: Dynamic Factor of HCRG at Load=2750 lb.-inch, Subjected to
Parabolic I Profile Modification with Three Different Types of Tooth
Spacing Errors Distribution, ∆=1.25, Ln =1.00

35

9
8

Dynamic Factor

7
6
5

type III

4

type II

3

type I

2
1
0
0

0.00005

0.0001

0.00015

0.0002

Cumulative Tooth Spacing Error (inch)

Figure 4-9: Dynamic Factor of HCRG at Load=2750 lb.-inch, Subjected to Parabolic
II Profile Modification with Three Different Types of Tooth Spacing
Errors Distribution, ∆=1.25, Ln =1.00
Result for higher loading condition can be summarized as below:


As the loading increases, the dynamic factor decreases in comparison to under and design load.



For all three kinds of modification, type II spacing errors appear highly sensitive. Maximum
errors that are tolerable is 0.00015 inch.



All three kind of modification gives the same response for low spacing errors value (0.00005,
0.0001, and 0.00015 inches ) but for 0.0002 inches parabolic I modification produces a lower
dynamic response in comparison to others and linear modification produces an intermediate
response.



Type III spacing errors with 0.0002-inch value and parabolic II modification is noisiest one
among all.



Except for 0.0002-inch type III spacing errors, all other modifications, errors type, and errors
values produce low dynamic factor below 3.0.
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4.4 Comparison of Effect of Tooth Spacing Errors between Under and Over Loading
Condition
Comparing the current under loading result with the effect of tooth spacing errors on overloading,
we can see that under loading and over loading have the following points in common.


Dynamic load factor increases with the increment of the span and maximum cumulative tooth
spacing errors.



The peak value of dynamic load factor occurs around the highest natural frequency or critical
speed of the gear set.



The occurrence of peak dynamic load factor for gear sets is around the tooth with maximum
positive or negative cumulative tooth spacing errors and depends on the span.



Although profile modification has a significant effect on reducing dynamic load factor of gear
sets, it has no effect upon on which tooth of gear set the peak dynamic load factor will occur.



For the value of tooth spacing errors of 0.0002 inches, the dynamic response of all three loading
conditions is very high.



Below tooth spacing errors of 0.0002 inches, different type of profile modification does not
produce considerable effect on dynamic factor.

Also, we find that both overloading and underloading have the following difference when
subjected to tooth spacing errors:


Under loading gear are always more sensitive to the spacing errors.



Overloading is less sensitive to the type of modification than under loading gear.



Overloading gear produce low dynamic response but under loading produce high dynamic
response.
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For under loading, which type of tooth profile modification has the best effect depends on the
maximum amount of cumulative tooth spacing errors. If the maximum cumulative tooth
spacing errors are below a 0.0001 inch value for given tooth pairs, the parabolic I profile
modification is the best. Otherwise, it is insensitive to the type of modification.



For under loading type III spacing error is sensitive but for overloading type II is sensitive.

4.5 Tooth Spacing Errors and Speed Survey of Dynamic Factor
To better understand the effect of tooth spacing errors on the dynamic load of gears at
varying speeds, the 25/31 HCR gear set with various tooth profile modification under unideal
loading condition is used for the detailed investigation. Figures 4-10-A,B and C, Figures 4-11A,B and C, Figures 4-12-A,B and C, Figures 4-13-A,B and C, Figures 4-14-A,B and C, Figures 415-A,B and C, Figures 4-16-A,B and C, Figures 4-17-A,B and C and Figures 4-18-A,B and C
show the speed sweep plots of dynamic load factor of the gear set over a range of 683 and 13983
rpm. Each figure shows the comparison of the dynamic load factor for the same gear set with
different loading conditions under the combination of one type of cumulative tooth spacing errors
distribution (Type I, Type II, or Type III) with one of the profile modifications (linear profile
modification, parabolic I, or parabolic II profile modification). The amounts of cumulative spacing
errors are varied from 0.00005 to 0.0002 in. with a 0.00005 in. increment and loading condition
varies from 1540 lb. - inch to 2200 lb. - inch and 2750 lb. - inch. All figures shown below represent
the result from speed survey analysis of the gear set.
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4.5.1 Linear Modification with Type I Spacing Errors
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Figure 4-10-A: Linear Modification Subjected to Design Load with Type I
Spacing Errors
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Figure 4-10-B: Linear Modification Subjected to Below Design Load with Type I
Spacing Errors
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Figure 4-10-C: Linear Modification Subjected to Above Design Load with Type
I Spacing Errors
We can summarize the finding from the above figure as:


Gears subjected to the load that is below design load gives a high dynamic response.



The larger the value of tooth spacing errors in gears, the larger the dynamic response.



Dynamic response is always higher at the natural frequency.

4.5.2 Linear Modification with Type II Spacing Errors:
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Figure 4-11-A: Linear Modification Subjected to Design Load with Type II
Spacing Errors
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Figure 4-11-B: Linear Modification Subjected to Below Design Load with Type II
Spacing Errors
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Figure 4-11-C: Linear Modification Subjected to Above Design Load with Type II
Spacing Errors
We can summarize the finding from the above figures as:


Dynamic response is directly proportional to the tooth spacing errors value.



Both loading conditions (higher loading condition and lower loading condition) are sensitive
to the dynamic response.



Among all three kinds of loading conditions, the loading below design load is noisiest one.

41

4.5.3 Linear Modification with Type III Spacing Errors:
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Figure 4-12-A: Linear Modification Subjected to Design Load with Type III
Spacing Errors
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Figure 4-12-B: Linear Modification Subjected to Below Design Load with Type III
Spacing Errors
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Figure 4-12-C: Linear Modification Subjected to Above Design Load with Type III
Spacing Errors
From above figures we can summarize the finding as:


Gears subjected to the loading below design load is highly sensitive to the dynamic response.



For lower loading conditions, even 0.00015 inches of tooth spacing errors value produces
dynamic factor more than 4.0 over the speed range studied.
Dynamic response is directly proportional to the tooth spacing errors value.
4.5.4 Parabolic I Modification with Type I Spacing Errors:
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Figure 4-13-A: Parabolic I Modification Subjected to Design Load with Type I
Spacing Errors
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Figure 4-13-B: Parabolic I Modification Subjected to Below Design Load with
Type I Spacing Errors
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Figure 4-13-C: Parabolic I Modification Subjected to Above Design Load with
Type I Spacing Errors
From above figures we can summarize our finding as:


The dynamic factor less than 3.5 for all kind of loading condition.



Tooth spacing errors of 0.0002 inch produces the higher dynamic response.



Higher loading condition is quieter among all three type of loading conditions.
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4.5.5 Parabolic I Modification with Type II Spacing Errors:
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Figure 4-14-A: Parabolic I Modification Subjected to Design Load with Type II
Spacing Error
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Figure 4-14-B: Parabolic I Modification Subjected to Below Design Load with Type II
Spacing Errors
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Figure 4-14-C: Parabolic I Modification Subjected to Above Design Load with Type II
Spacing Errors
From above three figures we can summarize our finding as:


Tooth spacing errors of 0.0002 inch produce a very high dynamic response.



Lower loading condition is nosier and higher loading condition is quieter.

Dynamic Fcator

4.5.6 Parabolic I Modification with Type III Spacing Errors
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Figure 4-15-A: Parabolic I Modification Subjected to Design Load with Type III
Spacing Errors
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Figure 4-15-B: Parabolic I Modification Subjected to Below Design Load with Type
III Spacing Errors
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Figure 4-15-C: Parabolic I Modification Subjected to Above Design Load with Type
III Spacing Errors
From above three figures we can summarize our finding as:


Except for tooth spacing errors of 0.0002 inches, all other value give dynamic factor below
4.0.



The loading below the design load produces a higher dynamic response.
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4.5.7 Parabolic II Modification Type I Spacing Errors
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Figure 4-16-A: Parabolic II Modification Subjected to Design Load with Type I
Spacing Errors
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Figure 4-16-B: Parabolic II Modification Subjected to Below Design Load with Type
I Spacing Errors
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Figure 4-16-C: Parabolic II Modification Subjected to Above Design Load with
Type I Spacing Errors
From above three figures we can summarize our finding as below:


Dynamic response is more stable around the highest natural frequency.



Dynamic factor for all three kinds of loading condition is below 3.5(except when loading is
below design load and tooth spacing errors value is 0.0002 inch)

4.5.8 Parabolic II Modification Type II Spacing Errors
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Figure 4-17-A: Parabolic II Modification Subjected to Design Load with Type II
Spacing Errors
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Figure 4-17-B: Parabolic II Modification Subjected to Below Design Load with Type
II Spacing Errors
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Figure 4-17-C: Parabolic II Modification Subjected to Above Design Load with Type
II Spacing Errors
From above three figures we can summarize our findings below:


Dynamic response is highly sensitive to the tooth spacing errors.



Tooth spacing errors with 0.0002 inch produce a very high dynamic response.
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4.5.9 Parabolic II Modification Type III Spacing Errors
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Figure 4-18-A: Parabolic II Modification Subjected to Design Load with Type III
Spacing Errors
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Figure 4-18-B: Parabolic II Modification Subjected to Below Design Load with
Type III Spacing Errors
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Figure 4-18-C: Parabolic II Modification Subjected to Above Design Load with
Type III Spacing Errors
From above three figures we can summarize our finding as:


Dynamic factor at natural frequency is very high.



Tooth spacing errors value of 0.0002 inches very noisy, below that all other spacing errors
value produce acceptable dynamic response(i.e. below 4)



Lower loading produces a very high dynamic response.

4.6 Summary of Speed Survey Test for All Three Kinds of Loading Condition


Dynamic response is very high at speed around 9183.09 rpm which is near the highest natural
frequency of the gear set studied.



Dynamic response peaks at two points: the first one is at one-half of the highest natural
frequency of gear set and second at the highest natural frequency of gear set.



One half of highest natural frequency always produces low dynamic response than highest
natural frequency.



Gear subjected to the loading condition that is below the design load always produce a high
dynamic response.
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As the loading increases gear become quieter.



Among all type of error type I is quieter and type III is produce high dynamic response.



For type I spacing error, all kind of modified gear running at higher speed than critical speed
have higher dynamic response which is nearly equal to response at highest natural frequency.



Among all loading and modification, parabolic II with type III produce highest dynamic factor.
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CONCLUSION AND RECOMMENDATIONS
A computer simulation has been conducted to investigate the effects of the span and the
maximum value of cumulative tooth spacing errors distribution on the dynamic load factor of high
contact ratio spur gears. The type of profile modification (linear, parabolic I, and parabolic II) that
would be best suited for high contact ratio spur gears with tooth spacing errors was also studied.
Comparison of the under loading results with that of overloading was also conducted. The
following conclusions were obtained from above investigations:


The span and the maximum value of cumulative tooth spacing errors have a significant effect
on the dynamic load factor of high contact ratio spur gear systems.



In general, the dynamic load factor of HCR spur gear pairs increases with the increment in the
span of teeth having tooth spacing errors.



Although profile modification has a significant effect on reducing dynamic load factor of gear
sets, it has no effect on which tooth of gear set the peak dynamic load factor will occur.



Gear pairs with parabolic II profile modification and type III spacing error have the highest
dynamic load factor for both loading condition.



In overall comparison over loaded gear linear profile modification with type I spacing error is
quieter but for under loaded condition parabolic I with type I spacing error is quieter.



Overloading gear is less noisy than under loading gear.



Type III spacing errors produe high dynamic response but Type II is higly sensitive.



The maximum amount of spacing errors that would produce an acceptable dynamic response
for under loading case is 0.00015 inch.
This study shows a procedure to perform dynamic analysis of high contact ratio spur gears

with tooth spacing errors under unideal loading condition. It is observed that tooth spacing errors
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have a significant impact on the dynamic load factor and that the high contact ratio spur gears are
very sensitive to the spacing errors, hence, it should not be neglected while designing gear trains.
The results obtained in the current study can be used to design HCRG to improve their dynamic
performance when tooth spacing errors are present in the gear systems when gear have to work
under fluctuating loading condition. It is recommended that more investigations be conducted for
both under and overloading condition with more close variation in amount and length of
modification. We can also investigate the low contact ratio gear under unideal loading condition
considering a different kind of spacing errors. Both LCRG and HCRG under unideal loading
condition can be studied with sine wave tooth spacing errors distribution rather than triangular
wave distribution.
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